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MqRXh]hTVX_q c	^nckh/orTnjfw~nbaqX_orh`dWjhX.hTnXbdcRoyo¦ck"jRggmnwyjRgq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`dorh`lgcRXwyX_orh`dWjh`dcf^Mo,jkwyX
mnomnjkbdbdq/wXhmVwy^VX_pNS TVX3mnoX"cfMj¦WmVbah`d~VbdX"~VwyX_g`do`dcf^/³ncGjhy`a^Ve¦~McR`a^Ghxjkwy`ahTVWXhy`dgf­gcfW.tV`d^VX_/°-`ahT`d^RhyXwyjkbsjkwy`hyTVWXh`lgk­
jkbdbdc°,ophyc¦wyX_mMgX"hTV`locfXwyX_orh`dWjhy`acR^jk^nhTsmno7jk`dWhc]~Vwycs`dX3jk^jkwytV`hywyjfwq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`d^RhyXwy~VwyXhXN1jfo3jk^jfoyorXNooWX^Gh=cfªhTVX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ckA³ncGjh`d^Ve/~Acf`d^Gh=gcfW~VmVhyjhy`acR^
ckO~Acfbdqs^VcfW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hTnX
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tMX_X^hXNo{hyX_ª­°3X/~VwyX_oX^Gh h{°"c.h{qs~V`dg_jkbªwyX_omVbahyo tAXbdc°/
.V ¶   °-TVX_^1hyTVX]jftnocfbdmhX,wyX_o`lmnjkb  `lo"uGmV`ahX]bljkwyefXf­fhTVX_^1hyTVX]|¦},|hX_orh-gcf^Mo{hy`hymhXNoxhyTVX¦XAXNghy`aRX]orhcR~V~V`d^Ve
gwy`hyXwy`acR^p­or`d^ngX`ah,`do,X_jfo`dbaq©mnb®nbdbdX_ª
.V ¶  °-TVX_^#hyTVX jktMorcRbamhyX	wyX_o`lmnjkb Ï`dooWjkbdbaX_w_­hyTVX^hTnXXAXNghy`aRXorhcR~V~V`d^Vegwy`hyXwy`acR^#`loef`dfX_^#tsqhTnX
wX_bdjkh`dfXjfggmVw)jfgqcf¼hyTVX/wcscfhyo_a­N0d­-hTnX},},|ãhXNo{hN  ~Vmh)jh`dfXwycsckhyo wycsckhyo3°-`ahT~VwycfX_^%X `lo{hyX^ngX
¢3jfoX Z   Z   - -] c704eh<00 \ -] c<0 <c / ^Vcf^VX
¢3jfoXY Z   Z  ul - -] c70< ce9Z \ -] c<0' <h / - -] c70<K' 'c \ 9] c<0hc<09Z /
- -] c70QZ'' \ 9] c 0 ' 7  / é32pé 
Ò^%tAckhyTg_jfoX_o_­fhyTVXwXNormnbh)o3jfwXjfg_gmVw)jhyXimV~	hc.hTnX¦hyTV`dwyX_g`aWjfbCV`aeR`h-jk^ngcRW~Vbaq°-`ahT	hTnX]wyX_omVbah3eR`aRX^1tsq
¢3| ]¥i|Ò^gjfoXf­GhTVXwyX_omVbahyo cftVhyjk`d^VXN1°-`ahThTVX¢"¡=¥¦|WXhTncs	tAckhTtAXbdcf^VehchyTV`do `d^GhX_wjkb9­jfo3°3Xbdbpjfo"hTVXwyX_omVbah
cftVhyjk`d^VXN%°-`ahThTnXwÒ¡x¡x¡O¯>kk1gcfW~VmVhyjhy`acR^no_Ò^ gjRorXY­phyTVX1h{°3cP`d^RhyXwyjkblojkwyXefmMjkw)jk^GhX_X_hc gcf^Ghyjf`a^rR:jhbdX_jRo{hnS/cR^VX1wycGcfh_p¡"jfg)T cf3hyTVX_oXh{°3c `d^RhyXwyjkblo
gcR^Ghyjk`d^noj,wyX_omVbah&~Vwycs`dXN/°-`ahT¢"¡"¥i|­Tnc°"X_fXw¼^Vcf^VX gcR^Ghyjk`d^nophTVX3wXNormnbh7cfth)jk`d^VX_tGq]hyTVX Ò¡=¡x¡gcfW~VmVhyjhy`acR^no_­0d­ hTVXWÒ¡x¡x¡ wyX_omVbh gjf^V^Vckh tAX]j.wcscfh"ck¼hTVX/gcR^no`dX_wXN~AcfbdqG^ncfW`djfb:£s`d^ngX]hyTVX¦`d^V~VmVh ~Acfbdqs^VcfW`ljkbA`do3cf&XeRwX_XV­RhTnX^%°3XiTMj¬fX,cRthyjf`a^VXNX^MgbdcRomVwXNoO©cRw"X_fXwyqwcsckhN­f°-TV`lg)T%jfwXihTsmno3or`d^VefbdXiwycsckh)o
R©°3X]wXNgjkbdbVhyTnjh"hTVX]ckhyTVXw3wycGcfh
`loicRmh¦cfOhTVXogcf~AXcfOhTVX~VwyX_oX^Gh¦`logmnoyor`dcf^SAS Tn`doihw)jk^nor©cfwyWjhy`acR^cf"j1cRmVtVbdX.wycsckhi`d^Ghc%h{°"c%o`d^VefbdXwycsckhyoi`do
X ~Vbljk`d^VXN%`d^ £sX_gh`dcf^n 2V
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 4 x º¼¶  4Þ¶ _ ¶ 4Q  ¶  VÞ
¥,c°XNjfg)TgcsX´g`aX_^Gh¼ckhyTVX=~Acfbdqs^VcfW`ljkbf`loo{hycfwyX_/jfo&jk^/`d^GhXwyjkbG°-TVcRoXxX_^n~Acf`d^Rh)o¼jfwXOhyTVX=cRw`def`d^njfbRgcsX´g`aX_^Ghyo_­
wycfmV^nVX_ Vc°-^G° jkw) jf^n mV~s° jkw)ªCS TVXWXNjk^V`d^Veck j	`loygjkw)XN `d^RhyXwyjkb7`do¦hyTnjh/`ah/g_jk^V^nckh/gcf^Gh)jk`d^j	wcsckhck3j
~AcfbdqG^ncfW`djfbª°-TVcRoX/gcsX´1g`aX_^Rh)o tMX_bacR^VehchTnX/`a^GhX_wjfbpgcsX´1g`dX^Gh)o
¨ TVX_^= YkZ    jk^n YEZ    ­hTVXwXNormVbahi`lo hTnX`a^GhyXwy¬jfb - -] c<0(e ''e \ 9] c<0 4e / M`h¦gcf^Ghyjf`a^Mo-jkbdbphTnX
wyX_omVbh)o,~VwyXs`dcfmnobdq%cftVhyjk`d^VXN`a^PhyTV`lo¦oX_gh`dcf^pM¨ TVX^   Y,Z   jk^n   Y,Z  ul ­Aj1ba`lo{h]ck,0~Vmhyjkh`dfX.wcsckhRÞo S
X^MgbdcRomVwXNo3`do-wyXhymVwy^VX_ª­VgcfX_wXNtsq - -] c<0(e 0c: \ -] c70'Z 70h /Â
S TVX1wyX_omVbahyocfth)jk`d^VX_tsq`dwXNgh Ò¡=¡x¡¤gcfW~Vmh)jh`dcf^Mo­&tGq ¢3| ]¥i|Ûjk^MtGqhyTVX¢"¡=¥¦|ÓWXhTVc jfwX1jfeRjk`d^
X^MgbdcRoX_	`a^hTnX_oX]`d^GhX_wjkblo_
¨ `ahTPhyTVX_oXwyX_omVbh)o­M°"X.gjk^ gcf^ngbamMX^VcfhTV`d^Ve%jftMcRmh,hyTVXX s`lorhX^MgXjf^nhTnXmV^V`luGmVX^VXNooick=jwycsckhNnv7cRoyor`dtVbdX
X ~Vbljk^Mjh`dcf^Mo=jkwyXiX_`hyTVXw3hyTnjh3hTVX]cfX_wXNo{hy`aWjkh`dcf^noxjfwXihcsc.oXRXwyX,cfw"hTMjh wXNjkbdbaq^VcfhTV`d^Ve.g_jk^1tAX/gcR^ngbdmnXNªGS TnX
mnoXckOj.W.mVbah`d~VbaX/~nwXNg`lor`dcf^jkwy`hyTVWXhy`dg]`d^P£X_ghy`acR^	M °-`dbab¼wX_WcRXihyTVX/cfX_wXNo{hy`aWjkh`dcf^1~VwycftnbaX_W
C; ?A@CB[F
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S TVXNorXX ~AXwy`aWX^Gh)ojRghymnjkbdbaq`dbdbamnorhw)jhyXj°3Xbdb¯Â²s^Vc°-^ XCX_ghck,®n^n`hyX~nwXNg`lor`dcf^ °-TVX^gcfW~VmVh`d^VeWmVbah`d~VbdX
~AcfbdqG^ncfW`djfb¼wycsckhyo_MS TnX.cRmVtVbdXwcscfh  ­d­¦hTVX.X Vjfgh¦jkwy`ahTVWXhy`dg.orcRbamVh`dcf^p­M`doihw)jk^nor©cfwyWX_`d^Rhyc1h{°3c%oX~njfwyjkhX
o`a^VeRbaX.wcscfhyo  jk^M  `d^ ®n^n`hyX.~VwyX_g`do`dcf^pA¥,XRXwhTVX_baXNoo_­MhTVXgcf^sRXwyefX^MgX/w)jhXjk^nPhTVXjhhyjk`d^njftVbaXjfg_gmVw)jfgqjkwyX/gcR^RhywcRbabdX_%tsqhTVX/cRwyVXw,Y.ckhTVX/X jRgh-~VwycftVbdXWÓwcsckhNÒ¡x¡x¡x¯lf	gcfW~Vmh)jhy`acR^omAX_wyoi©wycfWåhTnX.`d^njfg_gmVw)jhyX~Acfbdqs^VcfW`ljkbXjkbdmnjhy`acR^ Lf  h]jk^n ^Vc%eRmnjkw)jk^GhyXXgcfmVbl
tAXef`dfX_^	©cRw¦`def`ahyo¦jëhyXwijftMcRmhiTnjfb7hTnX~VwyX_g`do`acR^zRÞjfo,wX_bdjkh`dcf^zR©S `a^M`dg_jhyX_o SMS TnX¢"¡"£S|i¢ WXhTncsbdcgjfba`d«XNo
hTn`do3`d^no{h)jktV`dbd`h{qjk^M1wyXhmnw^no=hTnX_oX¦o`aeR^V`®Agjk^Gh `aeR`h)oÒ^1tAckhyT	g_jfoX_o_­fhyTVX]jkhrh)jk`d^njktVbdX¦jRggmVwyjRgqtMcRmV^n%~VwX_fX_^Rh)oOhyc
`lo{hy`a^nefmV`lorT hTVXNorXoX~njfwyjkhXwycsckhyo_p¢"cfW~Vmhy`a^VegcRwwyX_ghXN L&­AhTVX1¢"¡=¥i|ÏWXhyTVc `dW~VwcRX_oihTVXjfg_gmVw)jfgq	cfxhTnX
~AcfbdqG^ncfW`djfbVXjfbamnjkh`dcf^`d^hTVX,wycsckhO^VX_`aeRTGtAcfmnwTVcscªfS TnXwyX©cfwyXf­¬hyTVXijftnorcRbamVhX-wyX_o`dmMjkbncsXNoO^Vckh=³nmnoT.hyc«X_wc/jf^n
~Vwycs`dXNo¦joX_uGmVX^MgXck"`ahX_wyjkhXNo  f:-h¦hyTnjhgcR^sfXwyefXNo-hyc    cfw   jfo¦bacR^Vejfo¦hTVX~VwyX_g`do`dcf^ `lo/ormV´g`aX_^Gh¦hyc`dW~nwcRXihyTVXjfg_gmVw)jfgqck  f:-h­0d­,°-TV`dbaXhyTVX}-¡ gwy`ahXwy`dcf^%`lo-^Vcfh,ojkh`lo{®nXNªÂh/©cfbdbdc°,ohTnjkh/hTVX	or~Vbd`ahrh`d^Ve cf"hyTVX%cRmVtVbdXwcscfh`d^Ghch{°3c or`d^VeRbaXwycsckhyo/VcGXNo/^VcfhgcfWX©wycfWÝhTVX1wycfmn^n`d^Ve
Xwywycfw)o ckOhTnX.gcRwwyX_ghXN	`ahX_wyjkh`dcf^ R/SCS TV`loi`loigcfwywcRtMcRwyjkhXN%tsq	hTVX.wXNormVbahyo¦ck7hyTVX`d^GhXwyjkb¥,X° hycf^ `ahX_wyjkh`dcf^P`d^
£sXNgh`dcf^PM V¨X~VwcRX]hTnjkh,hTVX.X_g`aWjkb¼hctV`d^njfwqgcf^sRXw)or`dcf^	ck7hTVX.gcsX´1g`dX^Gh)o-ckO~AcfbdqG^ncfW`djfbLP`loiomng)ThTnjkh
L TnjRo h{°3c%orX_~njkw)jhyX/or`d^VefbdXwycsckhyo,`a^PX jRghijfw`ahTVWXh`lgkMS TnX/©cfbdbac°-`d^VewyX_omVbahyoigcfWX©wycfWåorqsWtAcfbd`lg/gcfW~VmVhyjhy`acR^
°-`ahT . jf~VbaXRV¨X/wX_~VwXNorX_^Gh3hyTVXgcfW~VmhyX_~McRbaqs^VcRW`djfb	L jfoLf  h Y  M      M      M-u    Mf­V°-TVX_wX MVO`lo hTnXX VjRgh R©w)jhy`acR^njkbS3jkbdmVX/ckÒ¡x¡=¡O¯lf1o`a^nefbdX/~VwXNg`lor`dcf^tV`d^njfwq	¬jfbamnX/ck7hTVXMV=gcsX´1g`dX^Ghicf]LR  |X re(S 	io`a^ne
£GhymVwWÕoX_uGmVX_^ngXNo­k`d^GhX_wjkblogI  jk^n I `a^ngbamMX-hTnX¦gcR^no`dX_wXNX Vjfgh=wcscfhyoOcf	L%°-`hyTp­Rbd`dW`ah`d^Ve/hychyTVX,Wj `dWmVW8or`def^n`®Mg_jk^Gh,`def`ahyo ck Ò¡x¡x¡x¯lfor`d^VeRbaX~VwyX_g`do`acR^p­
I  Y - -] c<07 4e  9] c<0<  7 /ðjf^n I  Y - -] c70 -Z  9] c<0   (c / ]
¨XgcfWX]tnjfg)²hyc.~VwyXs`dcfmno"³ncGjhy`a^Ve~Acf`d^Rh,gcfW~Vmh)jh`dcf^Mo"^nckh`d^Ve.hTnjkh-tMcfhTwXNormVbahyo gcfW~VmhyX_	`a^P£sX_gh`dcf^n 
oyjh`lor®nX_o    + I  jf^n   + I    `aeRmVwyXAR9Y4SwX_~VwXNorX_^GhyogcfW~VmVhX_ L¼­xgcRwwyX_ghXN L jf^n ' ( *tAcfmV^MVo`a^ ^VX_`aeRTGtAcfmnwTVcscª-Âh]X TV`dtV`ahyo-hyTnjh L Tnjfo,h{°"c1o`d^VefbdXoX~njfwyjkhX/wycGcfhyo-`d^ `d^GhXwyjkblo I  jf^n I  ormMg)ThTnjkh I  I jk^M I   I ,  mVwhTVX_wWcRwXR­hyTVX_oX3h{°"c¦`a^GhX_wjfbdo
I  jk^nHI jkwyX=X^MgbdcRoX_`d^.hTVX `d^RhyXwyjkbsX^ngbacGormnwXNo&gcfW~VmhyX_tsqhTnX,`a^GhyXwy¬jfbV¥,X_° hcf^WXhTVcª  bdcRjkh`d^Ve/~McR`a^GhxX s~AXwy`dWX_^GhyoxjfefwyXX °-`hyThTVX-wyX_omVbahyoOcfMhyTVXioqsWtAcfbd`dg gcRW~Vmhyjkh`dcf^pÛê^# !n 
-6e-08
-4e-08
-2e-08
0
2e-08
4e-08
6e-08
0.42845 0.4285 0.42855 0.4286 0.42865 0.4287
Computed polynomial
Corrected polynomial and its bound
 ªY-VS TVXh{°"coX~njfwyjkhX]wcscfhyo3ck L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~Vmhy`a^ne L&
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cf3X s~AXwy`dWX_^Ghyo_­p°"Xgcf^no`dVXwjk^jfwtV`ahw)jkwy`dbaqP`d^ngwyX_jRor`d^Veck3hTVX~nwXNg`lor`dcf^mVwy`a^neP`a^GhX_wjfb
¥,X_° hcR^`ahX_wyjkh`dcf^jfo ~VwyX_oX^GhXN	jkh-hTVX/X_^n	ckx£sX_gh`dcf^aV V
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 4 x º¼¶  4Þ¶ _ ¶ Nf Þ
¨ TVX_^ hTnX~Acfbdqs^VcfW`ljkbOgcsX´g`aX_^Ghyo]jkwyXhyTVX.wycfmn^nX_ hc	hTVX^VXNjkwyX_orhi³ncGjhy`a^Ve~Acf`d^Rh^smVWtAXw)ogcRwwyX_o~McR^n`d^Ve
hchyTVXef`dfX^X_g`aWjfbxgcsX´1g`dX^Gh)o­AhTnXwyX_omVbahyo]©cRw5  Y Z   jf^n"  Y Z   jkwyXhyTVwX_X.`d^GhX_wjkblogcR^Rh)jk`d^V`d^Ve
cf^nXjf^ncf^Vbdq1cR^VX/or`d^VefbdXwcscfh_Ò^	hTVX©cRbabdc°-`a^neg_jfoX_o_­s`a^GhX_wjfbªX^n~Acf`d^Ghyo,V`CXw-tsq1hyTVX/bljforh-V`aeR`hN
R - wZ(]   0  &"' (c  \^wZ(]   0  &"'"4c-Z /RhTnX,`docfbljhyX_wycsckh
me/csX_o=^Vckh"tMX_bacR^Ve/hchTV`lo"`a^GhX_wjfb
or`d^ngX]hyTVXX_g`aWjfbChctV`d^njkwyq1gcR^sfXw)o`acR^%TnjRo-jkblorcWcsV`®nXN	hTV`lo-wycGcfh
YV  Y - -] c<07 4eg<00QZ^e (c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